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Abstract. Building on work of Terada, we prove that h-homogeneity is pro- 
ductive in the class of zero-dimensional spaces. Then, by generalizing a result 
of Motorov, we show that for every zero-dimensional space X there exists 
a zero-dimensional space Y such that X X Y is h- homogeneous. Also, we 
simultaneously generalize results of Motorov and Terada by showing that if 
X is a zero-dimensional space such that the isolated points are dense then 
X K is h-homogeneous for every infinite cardinal k. Finally, we show that a 
question of Terada (whether X u is h-homogeneous for every zero-dimensional 
first-countable X) is equivalent to a question of Motorov (whether such an 
infinite power is always divisible by 2) and give some partial answers. 



All spaces in this paper are assumed to be Tychonoff. For all undefined topo- 
logical notions, see [5]. 

Definition 1. A space X is h-homogeneous (or strongly homogeneous) if all non- 
empty clopen subsets of X are homeomorphic to each other. 

The Cantor set, the rationals and the irrationals are examples of h-homogeneous 
spaces. Every connected space is h-homogeneous. A finite space is h-homogeneous 
if and only if it has size at most 1. The concept of h-homogeneity has been studied 
(mostly in the zero-dimensional case) by several authors: see [9] for an extensive 
list of references. 

We will denote by CO(A) the Boolean algebra of the clopen subsets of X. If X 
is h-homogeneous then CO(X) is homogeneous; the converse holds if X is compact 
and zero-dimensional (see [5]). 

1. The productivity of h-homogeneity 
All spaces in this section are assumed to be infinite. 

In [16] , the productivity of h-homogeneity is stated as an open problem (see also 
[9] and [TD] ) , and the following is proved (see theorem 3.3). 

Theorem 2 (Terada). If Xi is h-homogeneous and zero- dimensional for every i E I 
and X = Yliei Xi is compact or non-pseudocompact, then X is h-homogeneous. 

We will show that the requirement that X is compact or non-pseudocompact 
can actually be dropped (see theorem [TU]) and that if X is pseudocompact then the 
zero-dimensionality requirement can be dropped (see theorem [9]) . 

For proofs of the following basic facts about j3X, see section 11 in [11]. Given 
any open subset U of X, define Ex(E7) = j3X \ clpx(X \U). It is easy to see that 
Ex(?7) is the biggest open subset of j3X such that its intersection with X is U. If 
C is a clopen subset of X then Ex(C) = clpx(C), hence Ex(C) is clopen in j3X. 
Furthermore, the collection {Ex(U) : U is open in X} is a base for j3X. 
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Remark. It is not true that (3X is zero-dimensional whenever X is zero-dimensional 
(see example 6.2.20 in [5] or 3.39 in [17]). If (3X is zero-dimensional then X is called 
strongly zero- dimensional. 

Proposition 3. Assume that X xY is pseudocompact. If C C X x Y is clopen 
then C can be written as the union of finitely many open rectangles. 

Proof. By Glicksberg's theorem (see theorem 1 in [7] or theorem 8.25 in [17]). 
X x Y is C*-embedded in (3X x j3Y. By the universal property of the Stone-Cech 
compactification, there exists a homeomorphism h : (3X x (3Y — ► j3(X x Y) such 
that h(x,y) = (x,y) whenever (x,y) G X x Y. 

Since {Ex(P) : U is open in X} is a base for fiX and {Ex(V) : V is open in Y"} 
is a base for (3Y, the collection 



is a base for (3X x /3y. Therefore {h[B] : B £ $} is a base for /3(X x F), hence we 
can write Ex(C) = /i[Pi] U ■ • ■ U 7i[P n ] for some Pi, ... , B n G 8 by compactness. 



Finally, if we let B t = Ex(t/,) x Ex(V^) for each i, we get 

c = Ex(C) nixy 

= (h[Bi] u • • • u n h[X x y] 

= fofflx n x x y] u • • • u fo[fl n nx xY] 

= (Bi n x x y) u • • • u (P„ n x x y) 



Lemma 4. Assume that C C. X x Y is a clopen set that can be written as the 
union of finitely many rectangles. Then C can be written as the union of finitely 
many pairwise disjoint clopen rectangles. 

Proof. For every x € X, let C x = {y E Y : (x, y) G C} be the corresponding vertical 
cross-section. For every y £ Y, let C y — {x G X : (x. y) £ C} be the corresponding 
horizontal cross-section. Since C is clopen, each cross-section is clopen. 

Let A be the Boolean subalgebra of CO(X) generated by {C y : y EY}. Since A 
is finite, it must be atomic. Let Pi, ... , P m be the atoms of A. Similarly, let B be 
the Boolean subalgebra of CO(Y) generated by {C x : x £ X}, and let Q\, . . . , Q n 
be the atoms of B. 

Observe that the rectangles Pi x Qj are clopen and pairwise disjoint. Further- 
more, given any i,j, either Pj x Qj C C or Pj x Qj DC = 0. Hence C is the union 
of a (finite) collection of such rectangles. □ 

Proposition 5. Assume that X xY is pseudocompact. If X is h-homogeneous and 
Y is h-homogeneous then X x Y is h-homogeneous. 

Proof. If X and Y are both connected then X x Y is connected. So assume without 
loss of generality that X is not connected. Since X is also h-homogeneous, it follows 
that X = n x X for every n £ uj \ {0}. Therefore XxY = nxXxY for every 
n £ u\ {0}. 

Now let C C X be clopen and non-empty. By proposition [3] and lemma[4l we can 
write C as the disjoint union of finitely many, say n, non-empty clopen rectangles. 
By the h-homogeneity of X and Y, each such rectangle is homeomorphic to X x Y. 



B = {Ex(U) x Ex(y) : U is open in X and V is open in Y} 



that concludes the proof. 



□ 



Therefore C = n x X x Y X x Y . 



□ 
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Corollary 6. Assume that X = Xi x • • • x X n is pseudocompact. If each Xi is 
h-homogeneous then X is h-homogeneous. 

An obvious modification of the proof of proposition [3] yields the following. 

Proposition 7. Assume that X = Yiiei Xi * s pseudocompact. If C C X is clopen 
then C can be written as the union of finitely many open rectangles. 

Corollary 8. Assume that X = Yliei x i is pseudocompact. If C C X is clopen 
then C depends on finitely many coordinates. 

Theorem 9. Assume that X — Yliei Xi is pseudocompact. If Xi is h-homogeneous 
for every i £ I then X is h-homogeneous. 

Proof. Let C C X be clopen and non-empty. By corollary [5J there exists a finite 
subset F of / such that C is homeomorphic to C x rite/VF -^»> wnere C is a clopen 
subset of riieF^- Since n^gF^ ^ s h-homogeneous by corollary[51 we must have 
C S riiGF X i- Hence C - x - D 

Theorem 10. If Xi is h-homogeneous and zero- dimensional for every i £ I then 
X = Yiiei Xi * s h-homogeneous. 

Proof. If X is pseudocompact, apply theorem [51 if X is non-pseudocompact, apply 
theorem [2J □ 



2. Some applications 

The following theorem was proved by Terada in [16j under the additional as- 
sumption that X is zero-dimensional (see theorem 2.4). 

Theorem 11 (Terada). Assume that X is non-pseudocompact and it has a ir-base 
B consisting of clopen sets that are homeomorphic to X. Then X is h-homogeneous. 

Terada's proof uses the fact that a zero-dimensional non-pseudocompact space 
can be written as the disjoint union of infinitely many of its non-empty clopen sub- 
sets (the converse is also true, trivially). However, that is the only consequence of 
zero-dimensionality that is actually used. Therefore such assumption is redundant 
by the following lemma. 

Lemma 12. If X is non-pseudocompact and it has a ir-base B consisting of clopen 
sets then X can be written as the disjoint union of infinitely many of its non-empty 
clopen subsets. 

Proof. Let / : X — > K be an unbounded continuous function. Then the range of / 
contains a countably infinite subset D that is closed and discrete as a subset of R. 
Let D = {d n : n 6 u>} be an enumeration without repetitions and choose pairwise 
disjoint open sets U n such that d n 6 U n for each n G u>. Then choose open sets V n 
such that V n C U n and diam(V„) < 2 _n for each new. Finally, let B n £ B such 
that B n C / _1 [K fl ] for each n 6 to. It is easy to check that B = {J neuJ B n is clopen. 
Hence X \ B, B , Bi, . . . is the desired partition of X. □ 

The following result was proved by Motorov under the additional assumption 
that X is compact and first-countable (see theorem 2 in [12]), though the assump- 
tion of first-countability is not actually used in the proof. 
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Theorem 13. Assume that Y has a ix-base B consisting of clopen sets. Then 
X = (Y x 2 x n^) K * s h-homogeneous for every infinite cardinal k. 

Proof. An analysis of Motorov's proof shows that the only consequence of the com- 
pactness of X that is used is the fact that clopen sets in X depend on finitely many 
coordinates. Therefore the same proof works if X is pseudocompact by corollary[8] 
Now assume that X is non-pseudocompact. One can easily check that X has 
a 7r-base consisting of clopen sets that are homeomorphic to X. Therefore X is 
h-homogeneous by theorem [11] □ 

Corollary 14. For every zero- dimensional space X there exists a zero-dimensional 
space Y such that X x Y is h-homogeneous. 

The following is due to Matveev (see proposition 3 in [9]). 

Proposition 15 (Matveev). Assume that X is a zero- dimensional space with a 
n-base B consisting of clopen sets that are homeomorphic to X . If there exists 
a sequence {U n : n £ lu) of open sets in X that converges to a point then X is 
h-homogeneous. 

The case k — u of the following result is an easy consequence of proposition 1151 
Motorov first proved it under the additional assumption that X is first-countable 
and compact (see theorem 1 in [12J. Terada proved it for an arbitrary infinite k, 
under the additional assumption that X is non-pseudocompact (see corollary 3.2 
in PU). 

Theorem 16. Assume that X is a zero- dimensional space such that the isolated 
points are dense in X . Then X K is h-homogeneous for every infinite cardinal n. 

Proof. Since X K = (A") K for every infinite cardinal k, we can assume that k = lu 
by theorem ITD1 

Let D be the set of isolated points of X and let Fn(w, D) be the set of finite 
partial functions from w to D. Given s £ Fn(u>,D), define U s = {/ G X u : f D s}. 
Now fix d £ D and let / £ X u be the constant function with value d. It is easy 
to see that (JJf\ n : n £ lo) is a sequence of open sets in I" that converges to /. 
Furthermore B = {U s : s £ Fn(cj, D)} is a 7r-base for X u consisting of clopen sets 
that are homeomorphic to X u . So X u is h-homogeneous by proposition [151 □ 

3. Infinite powers of zero-dimensional first-countable spaces 

It is a well-known fact that every zero-dimensional first-countable h-homogeneous 
space is homogeneous. As announced by Motorov in [T3], the converse holds for 
zero-dimensional first-countable compact spaces of uncountable cellularity (see [6] 
for a proof). In [1], van Douwen constructed a zero-dimensional first-countable 
compact homogeneous space that is not h-homogeneous (actually, it has no proper 
subspaces homeomorphic to itself). In |14j . using similar techniques, Motorov con- 
structed a zero-dimensional first-countable compact homogeneous space that is not 
divisible by 2 (in the sense of definition [P8|) . 

In [16], Terada asked whether A" is h-homogeneous for every zero-dimensional 
first-countable X. In [2], the following remarkable theorem is proved. 

Theorem 17 (Dow and Pearl). If X is a zero- dimensional first- countable space 
then X w is homogeneous. 
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However, Terada's question remains open. In [12] and p[3j, Motorov asks whether 
such an infinite power is always divisible by 2. Using theorem 1171 we will show 
that the two questions are equivalent: actually even weaker conditions suffice (see 
proposition [21]) . 

Definition 18. A space F is a factor of A (or A is divisible by F) if there exists 
Y such that F x Y = X . H F x X = X then F is a strong factor of X (or X is 
strongly divisible by 

We will use the following lemma freely in the rest of this section. It shows that 
divisibility and strong divisibility are the same for infinite powers. 

Lemma 19. The following are equivalent. 

(1) F is a factor of X" . 

(2) F x X u = X". 

(3) F u x X u = X u . 

Proof. The implications [21 — fTl and 131 TT1 are clear. 

Assume [T] Then there exists Y such that F x Y = X u , hence 

A" ~ (AT = (F x YY ~F W x Y w . 

Since multiplication by F or by F u does not change the right hand side, it follows 
that [3 and E] hold. □ 

Lemma 20. Assume that Y is a non-empty first- countable zero- dimensional space. 
Then X = (Y © 1)<" is h-homogeneous and I~f u x (F®1)^2 U xf". 

Proof. Recall that 1 = {0} and let g £ A be the constant function with value 0. 
For each new, define 

U» = {/ £ A : f{i) = for all i < n}. 

Observe that B — {U n : n G ui} is a local base for A at 5 consisting of clopen sets 
that are homeomorphic to A. But A is homogeneous by theorem [T71 therefore it 
has a base (hence a 7r-base) consisting of clopen sets that are homeomorphic to A. 
It follows from proposition [15] that A is h-homogeneous. 
To prove the second statement, observe that 

A = (Y © 1) x A = (Y x A) © A, 

hence A = Y x A by h-homogeneity. It follows that X = Y u x (Y © 1)". Finally, 

Y w x (Y © l) w = (Y w x (Y © 1))" = (Y w © YT = 2 W x Y w , 

that concludes the proof. □ 

Proposition 21. Assume that X is a first- countable zero- dimensional space con- 
taining at least two points. Then the following are equivalent. 

(1) X u S (Affil)" 

(2) A w = Y" for some Y with at least one isolated point. 

(3) A w is h-homogeneous. 

(4) A w has a clopen subset that is strongly divisible by 2. 

(5) A" has a proper clopen subspace homeomorphic to I". 

(6) A" has a proper clopen subspace as a factor. 
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Proof. The implication HI — f"2l is trivial; the implication l2l — T51 follows from lemma 
[20] the implications l3l — TH iT5l —TBI are trivial. 

Assume that [5] holds. Let C be a proper clopen subset of X u that is also a factor 
of X u and let D = X UJ \C. Then 

x" = (c © d) x i u 

= (C x AT W ) © (D x X^) 

= (i9J))xr, 

hence AT W = (1 © D) w x X". Since (1 © ~2"xfl u by lemma HOI it follows 
that I" = 2 u xX u Therefore □ holds by lemma HOI □ 

The next two propositions show that in the pseudocompact case we can say 
something more. 

Proposition 22. Assume that X is a first- countable zero- dimensional space such 
that X^ is pseudocompact. Then C w = (X^l)^ for every non-empty proper clopen 
subset C of X". 

Proof. Let C be a non-empty proper clopen subset of X w . It follows from corollary[5] 
that C^CxI", hence C u C" x X" . Since C u x I u clearly has a proper clopen 
subset homeomorphic to itself, proposition [2"T1 implies that is strongly divisible 
by 2. Since 2"xI u ~(Iffl 1)" by lemmaO it follows that C u C" x [X © 1)". 

On the other hand, (X © l) w = A" x (X © l) w by lemma[20l Hence (A © l) w has 
a clopen subset homeomorphic to C x (X © But lemma |2"01 shows that (X © l) w 
is h-homogeneous, so Cx (Affil)" S (X®l) u . Therefore x (A©l) w = (X®l) u , 
that concludes the proof. □ 

Proposition 23. In addition to the hypotheses of proposition^^ assume that A" is 
pseudocompact. Then the following can be added to the list of equivalent conditions. 

(7) X w has a proper clopen subspace C such that C = for some Y . 

Proof. The implication 5 — > 7 is trivial. 

Assume that 7 holds. Then clearly C w S C. Therefore C ^ {X © l) w by 

proposition [5U Hence C is strongly divisible by 2 by lemma [201 showing that 4 

holds. □ 

Finally, we point out that proposition[5l]can be used to give a positive answer to 
Terada's question for a certain class of spaces. We will need the following definition 
(see section 1 in [5]). 

Definition 24. A space X is ultraparacompact if every open cover of X has a 
refinement consisting of pairwise disjoint clopen sets. 

A metric space X is ultraparacompact if and only if dim X — (see the corollary 
to theorem II. 6 in 15j). For such a metric space X, van Engelen proved that X^ 
is h-homogeneous if X is first-category in itself or X has a completely metrizable 
dense subset (see theorems 4.2 and 4.4 in [4]). 

Proposition 25. Assume that X is a zero- dimensional first- countable space. If 
X" is ultraparacompact and non-Lindeldf then I" is h-homogeneous. 
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Proof. Let 14 be an open cover of X u with no countable subcovers. By ultrapara- 
compactness, there exists a refinement V of IA consisting of pairwise disjoint clopen 
sets. Let V = {C a : a 6 k} be an enumeration without repetitions, where k is an 
uncountable cardinal. 

Now fix x G X u and a local base {U n : n G oj} at x consisting of clopen sets. 
Since X u is homogeneous by theorem 1171 for each a < k we can find n(a) G lu 
such that an homeomorphic clopen copy U' n ,-, of f/ n ( a ) is contained in C a . Fix 
S C k of size k such that n(a) = n{(3) for every a, (3 G 5. Clearly Uaes ^n(a) 1S 
a clopen subset of X u that is strongly divisible by 2. So X" is h-homogeneous by 
proposition [21] □ 

Acknowledgement. The author thanks his advisor Ken Kunen for valuable com- 
ments on an earlier version of this paper. 
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